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Abstract—In this paper, the impact of stochastic load and
renewable generation uncertainty on the dynamic voltage sta-
bility margin is studied. Stochastic trajectories describing the
uncertainty of load, wind and solar generation have been in-
corporated in the power system model as a set of Stochastic
Differential-Algebraic Equations (SDAEs). A systematic study of
Monte Carlo dynamic simulations on the IEEE 39-Bus system
has been conducted to compute the stochastic load margin with
all dynamic components active. Numerical results show that
the uncertainty of both demand and generation may lead to
a decrease on the size of the dynamic voltage stability margin,
yet the variability of renewable generators may play a more
significant role. Given that the integration of renewable energy
will continue growing, it is of paramount importance to apply
stochastic and dynamic approaches in the voltage stability study.
Index Terms—dynamic voltage stability, power systems dynam-
ics, stochastic differential equations, voltage stability margin
I. INTRODUCTION
The growing load demand along with the increased pene-
tration of intermittent renewable energy sources (RES) push
power systems closer to their limits. The volatile nature of
demand and generation is becoming a challenging issue for
power system voltage stability. To ensure secure operation and
power quality, uncertainty management requires more effort.
Research on static voltage stability under uncertainty has at-
tracted significant attention. In [1], a probabilistic formulation
for the voltage stability margin is proposed based on a Con-
tinuation Power Flow (CPF) algorithm that takes into account
the stochastic power injections. In [2], it is shown that the
variability and the penetration level of wind generation may
reduce the static loadability limit. A probabilistic analysis in
[3] shows that the stochastic variation of wind generation can
cause the system to lose stability even though the deterministic
system is stable. The priority ranking of uncertain parameters
in a network with RES using PV curves has been done in [4].
Polynomial Chaos Expansion and Low-Rank Approximation
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have been used in [5], [6] to assess the available delivery
capability for power systems with renewable variations.
However, limited work has been done to incorporate the
randomness into dynamic voltage stability. Compared to static
approach, dynamic methods are shown to be more accurate to
calculate the voltage stability margin since load dynamics and
control actions can be incorporated [7]. Stochastic dynamic
power system models have been proposed in [8] – [10] for
voltage stability study. It has been shown in [10] that there are
critical cases in which the conventional deterministic model
may fail to provide accurate results in the voltage stability
assessment. The authors of [11] used bifurcation theory to
analyze how a stochastic load model may affect the voltage
profile. Nonetheless, the conclusions are based on a single
simulation of the stochastic power system model. In [12],
numerical results have revealed the impacts of stochastic load
fluctuations on the dynamic load margin. Yet, the uncertainty
of RES was not considered. In sum, a systematic study of the
impact of both load and RES uncertainty on the dynamic load
margin by Monte Carlo time domain simulations is lacking.
In this paper, we attempt to systematically study the effect
of stochastic load, wind and solar generation variations on
dynamic voltage stability. To this end, uncertainty is incor-
porated in the power system model as a set of Stochastic
Differential-Algebraic Equations (SDAEs). Time domain sim-
ulations are implemented to calculate the voltage stability
margin. Numerical study of Monte Carlo simulations on the
IEEE 39-bus system shows that the voltage in the stochastic
model may collapse earlier, leading to a smaller dynamic load
margin. The results indicate that the stochastic nature of both
demand and generation may affect dynamic voltage stability,
whereas the variability of renewable generation may play a
more important role. As a result, to ensure power system
secure operation, it is crucial that the uncertainty is carefully
considered and stochastic dynamic approaches are adopted for
voltage stability analysis. Particularly, this work may represent
the first attempt to reveal the impacts of stochasticity from
loads and renewable energy to the dynamic voltage stability
margin with the implementation of time domain integration.
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II. STOCHASTIC DYNAMIC POWER SYSTEM MODEL
To incorporate the uncertainty in power system dynamics,
power system is modeled as a set of SDAEs as follows:
x˙ = f(x,y,p,η)
0 = g(x,y,p)
(1)
where x are the state variables, e.g. rotor speeds and rotor
angles of synchronous machines, the dynamic states of loads,
etc.; y are the algebraic variables, e.g., bus voltage magnitudes
and angles; p are the system parameters, e.g., load power at
buses; f are the differential equations; g are the algebraic
equations; η is the vector of stochastic perturbations, which
can be modeled as a vector Ornstein-Uhlenbeck process [8]:
η˙ = −Aηη + σBηξ, t ∈ [0, T ] (2)
where Aη = diag([α1, ..., αk]) and is positive definite; σ is
the noise intensity; Bη = diag([β1, ..., βk]) denotes the relative
strength between perturbations;
∫ t
0
ξ(u)du is a k−dimensional
Brownian motion.
Choosing the initial condition ηi(0) ∼ N (0, (σβi)2/2αi),
for each stochastic process ηi we have:
• E[ηi(t)] = 0, ∀t ∈ [0, T ],
• Var[ηi(t)] = (σβi)2/2αi, ∀t ∈ [0, T ],
• Aut[ηi(tm), ηi(tn)] = e−αi|tn−tm|, ∀tm, tn ∈ [0, T ].
According to the Implicit Function Theorem, if the algebraic
Jacobian matrix gy is non-singular, y can be eliminated as
follows [13]:
x˙ = H(x,p,η) (3)
η˙ = −Aηη + σBηξ (4)
Equations (3)-(4) can be written in the compact form:
u˙ = G(u,p) + σBξ (5)
where u =
[
x,η
]T
and B =
[
0, Bη
]T
.
The detailed representation for the load and RES uncertainty
in the form of SDAEs can be found subsequently.
A. The Stochastic Dynamic Load Model
Load dynamic response is one of the key mechanisms
of power system voltage stability as it drives the dynamic
evolution of voltages. In this paper, load dynamics are rep-
resented by an aggregated self-restoring load, also known as
the Exponential Recovery Load (ERL) model, which has been
proposed to naturally represent the most common types of
loads depending on the selected time constant [14]. The active
and reactive consumption of the ERL are as follows:
p = xp/Tp + pt
q = xq/Tq + qt
(6)
where xp and xq are the state variables given by:
x˙p = −xp/Tp + ps − pt
x˙q = −xq/Tq + qs − qt
(7)
Tp and Tq are the corresponding power time constants; ps and
pt are the static and transient active power absorptions; qs and
qt are the static and transient reactive power absorptions.
Since ps, pt, qs and qt are voltage dependent, Ornstein-
Uhlenbeck (2) stochastic load variations can be incorporated
into the aggregated load model as follows [8], [12], [15], [16]:
ps = (p0 + ηi(t))(
V
V0
)αs pt = (p0 + ηi(t))(
V
V0
)αt
qs = (q0 + ηi(t))(
V
V0
)βs qt = (q0 + ηi(t))(
V
V0
)βt
(8)
where p0 and q0 are the nominal active and reactive load
power; ηi describes the stochastic perturbations around the
nominal power; αs, βs, αt and βt are exponents related to the
steady state and the transient load response, respectively; V0
is the nominal bus voltage.
B. The Stochastic Wind Speed Model
A continuous wind speed model based on Stochastic Dif-
ferential Equations (SDEs) has been developed in [10], [17]
to generate wind speed trajectories of any time scale that
carry the statistical properties of real wind speed data. Briefly
speaking, given the two-parameter Weibull distribution and the
autocorrelation function derived from wind speed measure-
ments, an autocorrelated Weibull distributed wind speed model
can be developed by applying a memoryless transformation to
the Ornstein-Uhlenbeck process ηw (2):
w(t) = g(ηw(t)) = F
−1
w (Φ(
ηw(t)
βw/
√
2αw
)) (9)
Fw is the Weibull cumulative distribution function:
Fw(z) = 1− e−(z/λ)k ∀z > 0 (10)
where λ > 0 is the scale parameter and k > 0 is the shape
parameter of the Weibull distribution. Φ is the Gaussian
cumulative distribution function:
Φ(
z − E[z]√
V ar[z]
) =
1
2
(1 + erf(
z − E[z]√
2V ar[z]
)) ∀z ∈ R (11)
The wind speed processs w(t) has the following statistical
properties, where Γ denotes the Gamma function:
• µw = E[w(t)] = λΓ(1 + 1k ), ∀t ∈ [0, T ]
• σ2w = V ar[w(t)] = λ
2Γ(1 + 2k )− µ2w, ∀t ∈ [0, T ]
• Aut[w(tm), w(tn)] ≈ e−αw|tn−tm|, ∀tm, tn ∈ [0, T ].
It is worth noting that the only parameters required for the
model are λ, k and αw which are given from historical wind
speed data, whereas βw does not affect the statistical properties
above.
C. The Stochastic Solar Irradiance Model
Beta distribution has been typically proved to be a good fit
for real solar irradiance measurements [18], [19]. Similarly
to the Weibull distributed process for the wind speed, a
Beta autocorrelated model for the solar radiation based on
SDEs can be developed. In this case, we apply a memoryless
transformation to the Ornstein-Uhlenbeck process ηs (2) to get
a Beta distributed process for the solar irradiance, as follows:
s(t) = h(ηs(t)) = F
−1
B (Φ(
ηs(t)
βs/
√
2αs
)) (12)
where Φ is described in (11) and FB is the Beta cumulative
distribution function:
FB(z, p, q) =
∫ z
0
tp−1(1− t)q−1dt
B(p, q)
0 ≤ z ≤ 1 p, q > 0
(13)
and the function B is defined as follows:
B(p, q) =
∫ 1
0
tp−1(1− t)q−1dt (14)
The resulting process s(t) for the solar irradiance is an
autocorrelated Beta distributed process with the following
statistical properties:
• µs = E[s(t)] = pp+q
• σ2s = V ar[s(t)] =
pq
(p+q)2(p+q+1)
where p, q are the shape parameters of the Beta distribution
function that fits the solar irradiance measurements.
The relation among the solar irradiance and the active PV
power is the following [5]:
Ppv(ti) = Ppv(s(ti)) =

s(ti)
2
rcrstd
Pr 0 ≤ s(ti) < rc
s(ti)
rstd
Pr rc ≤ s(ti) < rstd
Pr s(ti) ≥ rstd
(15)
where rc is a specific radiation threshold level up to which a
small increase in the radiation produces a significant increase
in the PV output; rstd is the solar radiation in the standard
environment where further increase in radiation produces a
relatively small change in the PV output; Pr is the rated
capacity of the solar installation.
III. VOLTAGE STABILITY MARGIN
If there is no stochasticity, i.e. σ = 0 in (5), the deterministic
power system model is defined as:
u˙ = G(u,p(t)) (16)
where p = p(t) are slowly changing parameters, e.g. the
active power P and the reactive power Q of loads which
may gradually increase with respect to time. In power system
voltage stability study, Voltage Dependent Load (VDL) models
are commonly used [7], [13], [20]. We assume load power
increases as follows:
P = P0(1 + z(t))(
V
V0
)αP
Q = Q0(1 + z(t))(
V
V0
)αQ
(17)
where z is a scaling factor increasing linearly with time.
As z increases, a critical point may be reached and bifur-
cations may occur. At this critical stage, a smooth parameter
change may result in sudden changes in the power system
response, e.g. oscillatory behavior or change of stability and
disappearance of equilibrium points. Voltage collapse has been
revealed to be closely related to the Saddle-Node Bifurcation
(SNB) [21], where two equilibrium points–one stable and one
unstable–coalesce and disappear. The SNB point corresponds
to the nose of the PV curve. A crucial quantity typically used
as a security measure is the voltage stability margin, which can
be quantified in terms of the MW distance between the current
operating point and the SNB. In (17), the voltage stability
margin can be defined as z?P0, where z? is the value of the
scaling factor when SNB happens.
Unlike classical PV curves that can be directly calculated
from CPF computations, in dynamic voltage stability study the
calculation of the margin is based on time domain simulations.
Specifically, a slow ramp increase in load power is simulated
in time as in (17), representing what could be observed
in a real system. The power system response is computed
with all dynamic components active including control actions.
The voltage stability margin is calculated as soon as it is
ascertained that maximum load power has been reached. A
useful indicator is the critical eigenvalue, i.e., the one with
the smallest absolute value, that goes through a sign change
at the point of instability [13].
IV. NUMERICAL RESULTS
In this work, we plan to investigate the impact of load
and generation uncertainty on the dynamic voltage stability
margin. Different case studies are presented, where the statistic
properties of the dynamic load margin have been calculated
by 1000 Monte Carlo time domain simulations. The first
study focuses on computing the dynamic load margin when
stochastic dynamic load fluctuations are incorporated in the
model. In the second study, renewable generation variations
are added on top of the existing stochastic dynamic load
fluctuations to show how the volatile nature of RES may
further affect the dynamic voltage stability.
The IEEE 39-Bus 10-Generator New England system has
been used to conduct the numerical study. The topology of
the system can be found in Fig. 1. As shown in Fig. 1,
conventional synchronous generators at Buses 30 and 32 have
been replaced by a Doubly-Fed Induction Generator (DFIG)
driven by a wind source and a Solar Constant PQ Generator
(SPQ) respectively, representing a RES penetration level of
approximately 15%. In addition, there are 8 synchronous
generators that are equipped with Turbine Governors (TGs),
Automatic Voltage Regulators (AVRs) and Over-Excitation
Limiters (OXLs). Continuous Load Tap Changers (LTCs) are
installed at Buses 20 and 31 with initial tap delays 20s and
subsequent tap delays 5s. ERLs replace the conventional PQ
loads at the participating buses (Buses 12, 20, 23, 25, 29, 31).
The load at Bus 39 is considered to be the slowly changing
parameter, modeled as a VDL that increases 0.005 of its
nominal power per second, as in (17).
All the simulations were implemented using PSAT Toolbox
[22]. Ornstein Uhlenbeck processes were generated with the
Fig. 1. The IEEE 39-Bus 10-Generator New England system.
Euler-Maruyama method. The integration time step was ∆t =
0.05s.
A. Impact of Stochastic Load Fluctuations
In the first study, we focus on the effect of stochastic
dynamic load fluctuations on the dynamic voltage stability
margin. To this end, stochastic load fluctuations with σ =
0.05, αi = 1, βi =
√
2αi are applied to the dynamic ERLs as
in (8), whereas the amount of renewable power generated by
the DFIG and the SPQ is regarded as constant.
For the deterministic system, i.e., σ = 0 in (5), the load
margin is 516.45 MW. The distribution of the load margin for
the stochastic system is depicted in Fig. 2. Also, the statis-
tics of the margin (mean value E(z?P0), standard deviation
Std(z?P0) and the 90% interval) are reported in Table I. From
the results we can observe that the stochastic dynamic load
fluctuations affect dynamic voltage stability, leading to a de-
crease in the dynamic stability margin for all the samples of the
stochastic power system model. More specifically, the mean
value for the stochastic margin is E(z?P0) = 431.78 MW,
indicating a 16.4% decrease comparing to the deterministic
case.
The results of the study clearly show that the uncertainty
brought about by stochastic load fluctuations may affect the
dynamic load margin when renewable generation is regarded
as constant. Therefore, an important question is what may
happen if the stochasticity from the RES is additionally
considered in the dynamic voltage stability study.
TABLE I
THE STATISTICS AND THE 90% INTERVAL OF THE DYNAMIC LOAD
MARGIN VARIATION CONSIDERING STOCHASTIC LOAD FLUCTUATIONS
E(z?P0) (MW) Std(z?P0) d90% (MW)
431.78 26.54 406.02
Fig. 2. The distribution of the dynamic voltage stability margin when
stochastic load fluctuations are considered.
B. Impact of Stochastic Load and Renewable Generation
Variations
In the second study, we focus on the impact of stochastic
renewable generation variations. In addition to the stochastic
load fluctuations applied as in Section IV-A, the volatile
nature of the wind speed and the solar irradiance is con-
sidered. The stochastic modeling for the wind speed is im-
plemented as described in Section II-B and the parameters
derived from real measurements [17] are c = 3.36, k =
1.51, αw = 0.2575/3600(1/s), βw =
√
2αw. Stochastic solar
irradiance trajectories are generated according to Section II-C
and the associated parameters are p = 1.11, q = 0.73 [18],
αs = 0.2231/3600(1/s) [23], βs =
√
2αs, rc = 150W/m2,
rstd = 1000W/m
2 [5].
The distribution of the load margin for the stochastic system
with load and renewable variations is illustrated in Fig. 3. Also,
the statistics of the margin (mean value E(z?P0), standard de-
viation Std(z?P0) and the 90% interval) can be found in Table
II. It can be observed that the stochastic renewable generation
seems to further affect the size of the margin comparing to
the results of Section IV-A. The mean value of the samples is
413.52 MW, corresponding to a reduction of almost 20% from
the deterministic margin under approximately 15% penetration
of RES. Compared to the previous case study, it can be seen
that the variability of RES may play a more important role than
that of loads. Given that the trend of increasing integration of
RES will continue in the future, it is of paramount importance
to incorporate the variability of RES in the voltage stability
assessment.
Furthermore, Fig. 4 presents the voltage magnitude |V20|
at Bus 20 for the deterministic case and for one stochastic
realization. It can be observed that the voltage collapse occurs
earlier for the stochastic system, resulting in a smaller size
of the voltage stability margin. It is worth noting that before
the collapse the voltage at Bus 20 shows no gradual decrease
due to continuous LTC operation, indicating that conventional
sensitivity approach of detecting voltage collapse without time
domain simulation may fail.
The above results show that the forecasted evolution of the
wind speed and solar irradiance play important roles when
computing the dynamic load margin. Hence, the importance of
carrying out dynamic and stochastic approaches is reinforced,
since they seem to provide a more accurate representation for
the time evolution of power system variables. Such informa-
tion can be found useful towards the determination of secure
operation limits in power systems with high penetration of
RES experiencing some load stress.
TABLE II
THE STATISTICS AND THE 90% INTERVAL OF THE DYNAMIC LOAD
MARGIN VARIATION CONSIDERING STOCHASTIC LOAD AND RENEWABLES
E(z?P0) (MW) Std(z?P0) d90% (MW)
413.52 60.14 326.03
Fig. 3. The distribution of the dynamic voltage stability margin when
stochastic load and renewable generation fluctuations are considered.
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Fig. 4. Comparison of one stochastic and the deterministic trajectory of the
voltage magnitude at Bus 20.
V. CONCLUSIONS
In this paper, we have studied the impact of stochastic
load and renewable generation uncertainty on the dynamic
voltage stability margin. Stochastic power system modeling
has been developed based on SDAEs. An exhaustive study on
the IEEE 39-bus system including Monte Carlo time domain
simulations has been conducted to compute the stochastic load
margin with all dynamic components active. Numerical results
indicate that the volatile nature of both demand and renewable
generation may lead to a decrease in the size of the dynamic
load margin. Therefore, the stochastic characteristics should
be carefully incorporated in the voltage stability study and
dynamic methods should be applied to investigate their impact
on the time evolution of the power system. Particularly, this
work may represent the first attempt to reveal the effect of
uncertainty on the dynamic margin using dynamic simulations.
Future research may focus on identifying the most critical
uncertain parameters affecting dynamic voltage stability.
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